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Classification of metric spaces with infinite asymptotic
dimension
Yan Wu∗ Jingming Zhu∗∗ ∗
Abstract. We introduce a geometric property complementary-finite asymptotic dimension (coas-
dim). Similar with asymptotic dimension, we prove the corresponding coarse invariant theorem,
union theorem and Hurewicz-type theorem. Moreover, we show that coasdim(X) ≤ fin+ k im-
plies trasdim(X) ≤ ω+k−1 and transfinite asymptotic dimension of the shift union sh
⋃∏∞
i=1 iZ
is no more than ω + 1. i.e., trasdim(sh
⋃∏∞
i=1 iZ) ≤ ω + 1.
Keywords Asymptotic dimension, Transfinite asymptotic dimension, Asymptotic property C;
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1 Introduction
In coarse geometry, asymptotic dimension of a metric space is an important concept which was defined
by Gromov for studying asymptotic invariants of discrete groups [9]. This dimension can be considered as an
asymptotic analogue of the Lebesgue covering dimension. As a large scale analogue of W.E. Havers property
C in dimension theory, A. Dranishnikov introduced the notion of asymptotic property C in [7]. It is well
known that every metric space with finite asymptotic dimension has asymptotic property C [5]. But the
inverse is not true, which means that there exists some metric space X with infinite asymptotic dimension
and asymptotic property C. Therefore how to classify the metric spaces with infinite asymptotic dimension
into smaller categories becomes an interesting problem. T. Radul defined trasfinite asymptotic dimension
(trasdim) which can be viewed as transfinite extension for asymptotic dimension and gave examples of
metric spaces with trasdim= ω and with trasdim= ∞ (see [11]). He also proved trasdim(X) < ∞ if and
only if X has asymptotic property C for every metric space X . But whether there is a metric space X with
ω < trasdim(X) <∞ is still unknown so far.
In this paper, we introduce another approach to classify the metric spaces with infinite asymptotic
dimension, which is called complementary-finite asymptotic dimension (coasdim), and give some examples
of metric spaces with different complementary-finite asymptotic dimensions. Moreover, we prove some
properties of complementary-finite asymptotic dimension and show that coasdim(X) ≤ fin + k implies
trasdim(X) ≤ ω + k − 1 for every metric space X .
The paper is organized as follows: In Section 2, we recall some definitions and properties of transfinite
asymptotic dimension. In Section 3, we introduce complementary-finite asymptotic dimension and give some
examples of metric spaces with different complementary-finite asymptotic dimensions. Besides, we prove
some properties of complementary-finite asymptotic dimension like coarse invariant theorem, Union Theorem
and Hurewicz-type theorem. Finally, we investigate the relationship between complementary-finite asymp-
totic dimension and transfinite asymptotic dimension. In Section 4, we give an example of a metric space X
with coasdim(X) ≤ fin+1 and coasdim(X×X) < fin+ fin is not true, which shows that complementary-
finite asymptotic dimension is not stable under direct product. However, trasdim(X) =trasdim(X×X) = ω.
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In Section 5, we define the shift union of
∏∞
i=1 iZ by sh
⋃∏∞
i=1 iZ and prove that transfinite asymptotic di-
mension of sh
⋃∏∞
i=1 iZ is no more than ω+1. Finally, we give a negative answer to the Question 7.1 raised
in [17].
2 Preliminaries
Our terminology concerning the asymptotic dimension follows from [3] and for undefined terminology we
refer to [11]. Let (X, d) be a metric space and U, V ⊆ X , let
diam U = sup{d(x, y) : x, y ∈ U} and d(U, V ) = inf{d(x, y) : x ∈ U, y ∈ V }.
Let R > 0 and U be a family of subsets of X , U is said to be R-bounded if
diam U
△
= sup{diam U : U ∈ U} ≤ R.
U is said to be uniformly bounded if there exists R > 0 such that U is R-bounded.
Let r > 0, U is said to be r-disjoint if
d(U, V ) ≥ r for every U, V ∈ U and U 6= V.
A metric space X is said to have finite asymptotic dimension if there is an n ∈ N, such that for every
r > 0, there exists a sequence of uniformly bounded families {Ui}
n
i=0 of subsets of X such that the family⋃n
i=0 Ui covers X and each Ui is r-disjoint for i = 0, 1, · · · , n. In this case, we say that asdimX ≤ n.
We say that asdimX = n if asdimX ≤ n and asdimX ≤ n− 1 is not true.
A metric space X is said to have asymptotic property C if for every sequence R0 < R1 < ... of positive
real numbers, there exist an n ∈ N and uniformly bounded families U0, ...,Un of subsets of X such that each
Ui is Ri-disjoint for i = 0, 1, · · · , n and the family
⋃n
i=0 Ui covers X .
Let X and Y be metric spaces. A map f : X → Y between metric spaces is a coarse embedding if there
exist non-decreasing functions ρ1 and ρ2, ρi : R
+ ∪ {0} → R+ ∪ {0} such that ρi(x)→ +∞ as x→ +∞ for
i = 1, 2 and for every x, x′ ∈ X
ρ1(dX(x, x
′)) ≤ dY (f(x), f(x
′)) ≤ ρ2(dX(x, x
′)).
It is easy to see that finite asymptotic dimension is a coarsely invariant property of metric spaces.
Lemma 2.1. (Coarse invariance, see [3]) Let X and Y be two metric spaces, let φ be a coarse embedding
from X to Y . If asdimY ≤ n, then asdimX ≤ n.
In [11], T. Radul generalized asymptotic dimension of a metric space X to transfinite asymptotic dimen-
sion which is denoted by trasdim(X).
Let Fin N denote the collection of all finite, nonempty subsets of N and let M ⊂ Fin N. For σ ∈
{∅}
⋃
Fin N, let
Mσ = {τ ∈ FinN | τ ∪ σ ∈M and τ ∩ σ = ∅}.
Let Ma abbreviate M{a} for a ∈ N. Define ordinal number OrdM inductively as follows:
OrdM = 0 ⇔ M = ∅,
OrdM ≤ α ⇔ ∀ a ∈ N, OrdMa < α,
OrdM = α ⇔ OrdM ≤ α and OrdM < α is not true,
OrdM =∞ ⇔ OrdM ≤ α is not true for every ordinal number α.
Lemma 2.2. ([4]) Let M ⊆ FinN and n ∈ N, then OrdM ≤ n if and only if for each σ ∈M , |σ| ≤ n.
Lemma 2.3. ([4]) If M1 ⊆M2 ⊆ FinN, then OrdM1 ≤ OrdM2.
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Given a metric space (X, d), define the following collection:
A(X, d) = {σ ∈ FinN| there are no uniformly bounded families Ui for i ∈ σ
such that each Ui is i-disjoint and
⋃
i∈σ
Ui covers X}.
The transfinite asymptotic dimension of X is defined as trasdimX=OrdA(X, d).
Remark 2.1.
• There are some equivalent definitions of transfinite asymptotic dimension in [12].
• It is not difficult to see that transfinite asymptotic dimension is a generalization of finite asymptotic
dimension by Lemma 2.2. That is, trasdimX ≤ n if and only if asdimX ≤ n for each n ∈ N.
A subset M ⊆ FinN is said to be inclusive if for every σ, τ ∈ FinN such that τ ⊆ σ, σ ∈ M implies
τ ∈M . The following facts are easy to see.
• A(X, d) is inclusive.
• If n < m, then A(X, d)n ⊆ A(X, d)m. It follows that OrdA(X, d)n ≤ OrdA(X, d)m by Lemma 2.3.
Lemma 2.4. (see [11]) Let X be a metric space, X has asymptotic property C if and only if trasdimX <∞.
Proposition 2.1. Given a metric space X with asdim(X) =∞, let k ∈ N, the following are equivalent:
• (1) trasdim(X) ≤ ω + k;
• (2) For every n ∈ N, there exists m(n) ∈ N, such that for every d ≥ n + k, there are uniformly
bounded families U−k,U−k+1, · · · ,Um(n) satisfying Ui is n-disjoint for i = −k, · · · , 0, Uj is d-disjoint
for j = 1, 2, · · · ,m(n) and
⋃m(n)
i=−k Ui covers X . Moreover, m(n)→∞ as n→∞;
• (3) For every n ∈ N, there exists m(n) ∈ N, such that for every d > 0, there are uniformly bounded
families U−k,U−k+1, · · · ,Um(n) satisfying Ui is n-disjoint for i = −k, · · · , 0, Uj is d-disjoint for j =
1, 2, · · · ,m(n) and
⋃m(n)
i=−k Ui covers X . Moreover, m(n)→∞ as n→∞.
Proof. (1)⇒ (2): Assume that trasdim(X) ≤ ω+k, i.e., OrdA(X, d) ≤ ω+k. By definition, for every n ∈ N,
let τ = {n, n + 1, · · · , n + k} ∈ FinN, OrdA(X, d)τ < ω. It follows that there exists m(n) ∈ N such that
OrdA(X, d)τ = m(n)− 1 < m(n). By Lemma 2.2, for each σ ∈ A(X, d)τ , |σ| < m(n). So for every d ≥ n+ k,
let α = {d + 1, d + 2, · · · , d + m(n)}, then τ ⊔ α /∈ A(X, d). Then there are uniformly bounded families
U−k,U−k+1, ...,Um(n) such that Ui is n-disjoint for i ∈ {−k, · · · , 0}, Uj is d-disjoint for j ∈ {1, 2, · · · ,m(n)}
and
⋃m(n)
i=−k Ui covers X . Since asdim(X) =∞, we obtain that m(n)→∞ whenever n→∞.
(2) ⇒ (1): By definition, if suffices to show that for each τ = {a0, a1, · · · , ak} ∈ FinN, OrdA(X, d)τ <
m(n). i.e.,
if σ ∈ A(X, d)τ , then |σ| < m(n).
Now we will prove that if σ ∩ τ = ∅ and |σ| ≥ m(n), then σ ⊔ τ /∈ A(X, d). Since A(X, d) is in-
clusive, it suffices for us to show σ1 ⊔ τ /∈ A(X, d) for some σ1 = {b1, b2, · · · , bm(n)} ⊆ σ. Let n =
max{a0, a1, · · · , ak} and let d = max{b1, b2, · · · , bm(n)} + n + k, by condition (2), there are uniformly
bounded families U−k,U−k+1, · · · ,Um(n) satisfying Ui is n-disjoint for i = −k, · · · , 0, Uj is d-disjoint for
j = 1, 2, · · · ,m(n) and
⋃m(n)
i=−k Ui covers X . Therefore, Ui is ai-disjoint for i = −k, · · · , 0 and Uj is bj-disjoint
for j = 1, 2, · · · ,m(n). That is, σ1 ⊔ τ /∈ A(X, d).
(2) ⇔ (3): Obvious.
We end this section with some technical lemmas similar with Lemma 3 in [11] with similar proof.
Lemma 2.5. (see [11]) Let k, n ∈ N with n > 2 and R ∈ R with R > n, then there are no n-disjoint and
R-bounded families V1,V2, ...,Vk in Zk with maximum metric dmax such that
⋃k
i=1 Vi covers [−R,R]
k
⋂
Z
k.
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Proof. Suppose that there exist n-disjoint and R-bounded families V1,V2, ...,Vk in Zk such that
⋃k
i=1 Vi
covers [−R,R]k
⋂
Z
k. Let V =
⋃k
i=1 Vi and U = {N1(V )
⋂
[−R,R]k | V ∈ V}, where N1(V ) = {x ∈
R
k | d(x, V ) ≤ 1}. Then U is a finite closed cover of cube [−R,R]k such that
• (1) no member of which meets two opposite faces of [−R,R]k;
• (2) each subfamily of U containing k + 1 distinct elements of U has empty intersection.
So we obtain a contradiction with the Lebesgue’s Covering Theorem(see [8], Theorem 1.8.20).
Corollary 2.1. Let k, n, l ∈ N and n > 2l, let R ∈ R and R > n, there are no n-disjoint and R-bounded
families of subsets V1, ...,Vk in (lZ)
k with maximum metric dmax such that
⋃k
i=1 Vi covers [−R,R]
k
⋂
(lZ)k.
3 Cofinite asymptotic dimension
In this section, we define complementary-finite asymptotic dimension (coasdim), which is a generalization
of finite asymptotic dimension.
Definition 3.1.
• A metric space X is said to have complementary-finite asymptotic dimension if there is a k ∈ N, such
that for every n ∈ N, there exist R > 0, m ∈ N and n-disjoint, R-bounded families U1, ...,Uk of subsets
of X such that
asdim(X \
⋃
(
k⋃
i=1
Ui)) ≤ m.
In this case, we say that coasdim(X) ≤ fin+ k.
• We say that coasdim(X) = fin+ 1 if coasdim(X) ≤ fin+ 1 and asdim(X) =∞.
• Let k ∈ N and k > 1, we say that coasdim(X) = fin+ k if coasdim(X) ≤ fin+ k and coasdim(X) ≤
fin+ k − 1 is not true.
• We say that coasdim(X) < fin+ fin if coasdim(X) ≤ fin+ k for some k ∈ N.
Example 3.1. Let kZ = {kj| j ∈ Z} and X =
⋃∞
i=1(iZ)
i. Let a = (a1, a2, ..., al) ∈ (lZ)l and b =
(b1, b2, ..., bk) ∈ (kZ)k with l ≤ k. Let a′ = (a1, ..., al, 0, ..., 0) ∈ Zk. Put c = 0 if l = k and c = l + (l + 1) +
...+ (k − 1) if l < k. Define a metric d on X by
d(a, b) = max{dmax(a
′, b), c} where dmax is the maximum metric in Z
k.
T. Radul proved that trasdim(X) = ω (see [11]). We can obtain that coasdim(X) = fin+ 1.
Indeed, it is easy to see that asdim(X) = ∞. For every n ∈ N, let U1 = {{x}|x ∈
⋃∞
i=n+1(iZ)
i}. It is
easy to see that U1 is a n-disjoint, uniformly bounded family and
asdim(X \
⋃
U1) = asdim(
n⋃
i=1
(iZ)i) <∞.
Example 3.2. Let k ∈ Z+ and let X =
⋃∞
i=1((iZ)
i × Zk). Let a = (a1, a2, ..., al1 , a¯1, ..., a¯k) ∈ (l1Z)
l1 × Zk
and b = (b1, b2, ..., bl2 , b¯1, ..., b¯k) ∈ (l2Z)
l2 × Zk with l1 ≤ l2. Let
a′ = (a1, ..., al1 , 0, ..., 0, a¯1, ..., a¯k) ∈ Z
l2 × Zk.
Put c = 0 if l1 = l2 and c = l1 + (l1 + 1) + ...+ (l2 − 1) if l1 < l2. Define a metric d on X by
d(a, b) = max{dmax(a
′, b), c}, where dmax is the maximum metric in Z
l2 × Zk.
We will show that coasdim(X) = fin+ k + 1.
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Theorem 3.1. Let k ∈ N, k ≥ 1 and let X = (
⋃∞
i=1((iZ)
i × Zk), d), where d is the metric defined above,
then coasdim(X) = fin+ k + 1.
Proof. Claim 1 : coasdim(X) ≤ fin+ k + 1.
Since asdim Zk = k, for every n ∈ N and n > 2, there are n-disjoint and uniformly bounded families
U1, ...,Uk+1 such that
⋃k+1
i=1 Ui covers Z
k. For i = 1, 2, · · · , k + 1, let
Vi = {{x} × U | x ∈
∞⋃
j=n+1
(jZ)j and U ∈ Ui}.
It is easy to see Vi is n-disjoint and uniformly bounded. Moreover,
asdim (X \ (
⋃
(
k+1⋃
i=1
Vi))) = asdim (
n⋃
j=1
((jZ)j × Zk)) <∞.
Claim 2 : coasdim(X) ≤ fin+ k is not true.
Suppose that coasdim(X) ≤ fin + k, then for every n ∈ N, there exist R > n, m ∈ N and n-disjoint
R-bounded families U1, ...,Uk such that
asdim(X \
⋃
(
k⋃
i=1
Ui)) ≤ m.
Choose l ∈ N such that l > n+R+m and let Ui(l) , {U ∩ ((lZ)l × Zk)| U ∈ Ui}. Then
asdim(((lZ)l × Zk) \ (
⋃
(
k⋃
i=1
Ui(l)))) ≤ asdim(X \
⋃
(
k⋃
i=1
Ui)) ≤ m.
Fix x ∈ (lZ)l, for i = 1, 2, · · · , k, if U∩({x}×Zk) 6= ∅ for some U ∈ Ui, then let VU = PZk(U∩({x}×Z
k)),
where PZk(.) is the projection onto Z
k. Let Vi(x) = {VU | U∩({x}×Zk) 6= ∅ and U ∈ Ui}. If U∩({x}×Zk) =
∅ for every U ∈ Ui, then let Vi(x) = ∅. Then the family Vi(x) is n-disjoint and R-bounded.
Note that if Vi(x) 6= ∅, then
Ui(l) = {{x} × V |x ∈ (lZ)
l, V ∈ Vi(x)}.
Indeed, for any (x, y), (x′, y′) ∈ U ∈ Ui(l) with x, x′ ∈ (lZ)l and y, y′ ∈ Zk, if x 6= x′ ∈ (lZ)l, then
d((x, y), (x′, y′)) ≥ l > R, which is a contradiction to the R-boundedness of U .
Therefore
((lZ)l × ([−R,R]k
⋂
Z
k)) \ (
⋃
(
k⋃
i=1
Ui(l))) =
⋃
x∈(lZ)l
({x} × (([−R,R]k
⋂
Z
k) \
⋃
(
k⋃
i=1
Vi(x)))).
By Lemma 2.5, for any x ∈ (lZ)l, ({x} × ([−R,R]k
⋂
Z
k) \
⋃
(
⋃k
i=1 Vi(x))) 6= ∅. Hence there exists
(x,∆(x)) ∈ ({x} × ([−R,R]k
⋂
Z
k) \
⋃
(
⋃k
i=1 Vi(x))) such that
(x,∆(x)) ∈ ((lZ)l × ([−R,R]k
⋂
Z
k)) \ (
⋃
(
k⋃
i=1
Ui(l))) =
⋃
x∈(lZ)l
({x} × (([−R,R]k
⋂
Z
k) \
⋃
(
k⋃
i=1
Vi(x)))).
Define a map δ from (lZ)l to ((lZ)l × ([−R,R]k
⋂
Z
k)) \ (
⋃
(
⋃k
i=1 Ui(l))) by
δ(x) = (x,∆(x)).
Since
∀x, y ∈ (lZ)l, d(x, y) ≤ d(δ(x), δ(y)) ≤ d(x, y) + 2R,
5
δ is a coarse embedding from (lZ)l to ((lZ)l × ([−R,R]k
⋂
Z
k)) \ (
⋃
(
⋃k
i=1 Ui(l))). Therefore,
m < l = asdim((lZ)l) ≤ asdim(((lZ)l × ([−R,R]k
⋂
Z
k)) \ (
⋃
(
k⋃
i=1
Ui(l))))
≤ asdim(((lZ)l × Zk) \ (
⋃
(
k⋃
i=1
Ui(l)))) ≤ m,
which is a contradiction.
Remark 3.2. It is worth to notice that coasdim(X) ≤ fin + k for some k ∈ N if and only if for every
n > 0, ∃ m(n) ∈ N, ∃ n-disjoint and uniformly bounded families of subsets U−1,U−2, · · · ,U−k such that for
every d > 0, ∃ d-disjoint uniformly bounded families U0,U1, ...,Um(n) with
⋃
(
⋃m(n)
i=−k Ui) = X .
By Proposition 2.1, the difference between coasdim(X) ≤ fin+k and trasdim(X) ≤ ω+k− 1 is whether
the families U−1,U−2, · · · ,U−k is independent of the number d. So it is easy to obtain the following Theorem.
Theorem 3.2. Let X be a metric space , if coasdim(X) ≤ fin + k for some k ∈ N, then trasdim(X) ≤
ω + k − 1. Especially, coasdim(X) = fin+ 1 implies trasdim(X) = ω.
But the inverse is not true. Let X =
⋃∞
i=1((2
i
Z)i×Z) be the metric space in Example 3.2, we can obtain
that coasdimX = fin+ 2, but trasdim(X) = ω by the result below.
Proposition 3.1. Let X =
⋃∞
i=1((2
i
Z)i × Z) be the metric space with the metric d in Example 3.2, then
trasdim(X) = ω.
Proof. By Proposition 2.1, it suffices to show that for every n ∈ N, n > 2 and for every r ∈ N and
r > n, there are uniformly bounded families U0,U1, · · · ,Un+5 such that U0 is n-disjoint, Ui is r-disjoint for
i = 1, 2, · · · , n+ 5 and
⋃n+5
i=0 Ui covers X . Let
Un+4 = {{x} × [(2k + 1)r, (2k + 2)r] : x ∈
∞⋃
i=r
(2iZ)i, k ∈ Z}
Un+5 = {{x} × [(2k)r, (2k + 1)r] : x ∈
∞⋃
i=r
(2iZ)i, k ∈ Z}.
It is easy to see that Un+4 and Un+5 are r-disjoint, uniformly bounded families. Moreover, Un+4
⋃
Un+5
covers
⋃∞
i=r((2
i
Z)i × Z).
Define a map ϕ : (
⋃n
i=1((2
i
Z)i × Z), d) −→ (Zn+1 × [0, n(n−1)2 ], dmax) as follows:
ϕ(x˜) = (x1, x2, · · · , xi, 0, · · · , 0, x∗,
i(i− 1)
2
), ∀ x˜ = (x1, x2, · · · , xi, x∗) ∈ (2
i
Z)i × Z.
Note that ϕ is an isometric map. Since asdim(Zn+1 × [0, n(n−1)2 ], dmax) ≤ n+ 1, asdim(
⋃n
i=1((2
i
Z)i ×Z)) ≤
n + 1 by Lemma 2.1. Hence there are uniformly bounded families U2,U3, · · · ,Un+3 such that each Ui is
r-disjoint and
⋃n+3
i=2 Ui covers
⋃n
i=1((2
i
Z)i × Z).
Now we are going to show that there are uniformly bounded families U0 and U1 such that U0 is n-disjoint,
U1 is r-disjoint and U0
⋃
U1 covers
⋃r
i=n+1((2
i
Z)i × Z).
There is an isometric map ψ : (
⋃r
i=n+1((2
i
Z)i ×Z), d) −→ (((2nZ)r ×Z× [n(n+1)2 ,
r(r−1)
2 ]), dmax) defined
as follows:
ψ(x˜) = (x1, x2, · · · , xi, 0, · · · , 0, x∗,
i(i− 1)
2
), ∀ x˜ = (x1, x2, · · · , xi, x∗) ∈ (2
i
Z)i × Z.
Hence it is suffices to show there are uniformly bounded families V0 and V1 such that V0 is n-disjoint, V1
is r-disjoint and V0
⋃
V1 covers (2nZ)r × Z× [
n(n+1)
2 ,
r(r−1)
2 ].
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For every x = (x1, x2, · · · , xr) ∈ (2nZ)r, let
p(x) =
r∑
j=1
(
xj
2r
− ⌊
xj
2r
⌋)2rj .
It is not difficult to see
p(x) ∈ [0,
r∑
j=1
2rj − 1] ∩ Z.
For every k ∈ Z \ {0}, let
Ix,k = [(k
r∑
j=1
2rj + p(x))(r + n)− n, (k
r∑
j=1
2rj + p(x))(r + n)]
Jx,k = [(k
r∑
j=1
2rj + p(x))(r + n), ((k + 1)
r∑
j=1
2rj + p(x))(r + n)− n].
Then we denote
Ux,k = {x} × Jx,k × [
n(n+ 1)
2
,
r(r − 1)
2
], Vx,k = {x} × Ix,k × [
n(n+ 1)
2
,
r(r − 1)
2
]
and
V0 = {Ux,k | x ∈ (2
n
Z)r, k ∈ Z}, V1 = {Vx,k | x ∈ (2
n
Z)r, k ∈ Z}.
It is easy to see that V0 is n-disjoint and uniformly bounded, V1 is uniformly bounded and V0
⋃
V1 covers
(2nZ)r × Z× [n(n+1)2 ,
r(r−1)
2 ].
Now we only need to prove that V1 is r-disjoint.
For every Vx,k = {x} × Ix,k × [
n(n+1)
2 ,
r(r−1)
2 ], Vx′,k′ = {x
′} × Ix′,k′ × [
n(n+1)
2 ,
r(r−1)
2 ] ∈ V1 and Vx,k 6= Vx′,k′ .
• If d(x, x′) ≥ 2r, then d(Vx,k, Vx′,k′) ≥ 2r ≥ r.
• If 0 < d(x, x′) < 2r, then |p(x) − p(x′)| ≥ 1. Since
min{(k
r∑
j=1
2rj + p(x)− k′
r∑
j=1
2rj − p(x′))(r + n) : d(x, x′) < 2r and k, k′ ∈ Z} ≥ r + n,
then
min{d(Ix,k, Ix′,k′) : d(x, x
′) < 2r and k, k′ ∈ Z} ≥ r
and hence d(Vx,k, Vx′,k′) ≥ r.
• If d(x, x′) = 0, then x = x′. since Vx,k 6= Vx,k′ , we have k 6= k′. It follows that d(Vx,k, Vx,k′) =
d(Ix,k, Ix,k′) ≥ r.
Therefore V1 is r-disjoint and uniformly bounded.
Let U0 = {ψ−1(V ) | V ∈ V0} and U1 = {ψ−1(V ) | V ∈ V1}, then U0 is n-disjoint, uniformly bounded and
U1 is r-disjoint, uniformly bounded. Moreover, U0 ∪ U1 covers
⋃r
i=n+1((2
i
Z)i × Z).
Question: For k ∈ N and k > 1, does coasdim(X) = fin+ k imply trasdim(X) = ω?
Similar with finite asymptotic dimension, complementary-finite asymptotic dimension is invariant under
some operations.
Proposition 3.2. (Coarse invariant Theorem) Let X and Y be two metric spaces, let φ : X −→ Y be a
coarse embedding from X to Y . If coasdim(Y ) ≤ fin+ k for some k ∈ N, then coasdim(X) ≤ fin+ k.
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Proof. For every r > 0, since φ is a coarse embedding, there exists m > 0 such that for every x, y ∈ X ,
if d(φ(x), φ(y)) ≥ m, then d(x, y) ≥ r. Since coasdim(Y ) ≤ fin + k, there exist R > 0 and m-disjoint
R-bounded families U1, ...,Uk such that asdim(Y \(
⋃
(
⋃k
i=1 Ui))) ≤ n for some n ∈ N. For i = 1, ..., k, let
Wi = {φ−1(U)|U ∈ Ui}, then Wi is r-disjoint. Since φ is a coarse embedding, there exists S > 0 such
that Wi is S-bounded families of subsets in X . By Lemma 2.1, asdim(X\(
⋃
(
⋃k
i=1Wi))) ≤ n. Hence,
coasdim(X) ≤ fin+ k.
Corollary 3.1. Let Y be a metric space and X ⊂ Y , if coasdim(Y ) ≤ fin+ k, then coasdim(X) ≤ fin+ k.
Definition 3.2. ([3]) Let {Xα}α be a family of metric spaces, we say that asdim(Xα) ≤ n uniformly if
for every r > 0, there exists R > 0 such that for each α, there exist r-disjoint and R-bounded families
U0α,U
1
α, · · · ,U
n
α of subsets of Xα satisfying
⋃
(
⋃n
i=0 U
i
α) = Xα.
Definition 3.3. Let {Xα}α be a family of metric spaces, we say that coasdim (Xα) ≤ fin+ k uniformly if
for every n > 0, there exist m = m(n) ∈ N, R = R(n) > 0, such that for each α, ∃ n-disjoint and R-bounded
families U1α, ...,U
k
α of subsets of Xα with
asdim(Xα\
⋃
(
k⋃
i=1
U iα)) ≤ m uniformly .
Definition 3.4. ([3]) Let U and V be families of subsets of X . The r-saturated union of V with U is defined
as
V ∪r U = {Nr(V ;U)|V ∈ V} ∪ {U ∈ U|d(U,V) > r},
where Nr(V ;U) = V ∪
⋃
d(U,V )≤r U and d(U,V) > r means that for every V ∈ V , d(U, V ) > r.
Lemma 3.1. (Proposition 7 in [3]) Let U be a r-disjoint and R-bounded family of subsets of X with
R ≥ r. Let V be a 5R-disjoint, D-bounded family of subsets of X . Then the family V ∪r U is r-disjoint,
D + 2R+ 2r-bounded.
Theorem 3.3. Let X =
⋃
αXα be a metric space where the family {Xα}α satisfies coasdim (Xα) ≤ fin+ k
uniformly for some k ∈ N. For every r > 0, if there is a Yr ⊆ X with coasdim (Yr) ≤ fin+ k and
d(Xα\Yr, Xα′\Yr) ≥ r whenever Xα 6= Xα′ ,
then coasdim (X) ≤ fin+ k.
Proof. Since coasdim (Xα) ≤ fin+k uniformly, for every n > 0, there exist m = m(n) ∈ N and R = R(n) ≥
n, such that for each α, there are n-disjoint and R-bounded families U−1α ,U
−2
α , ...,U
−k
α of subsets of Xα and
asdim (Xα\
⋃
(
−1⋃
i=−k
U iα)) ≤ m uniformly.
Then for every r > n, ∃ D = D(r) ≥ r such that for each α, there exist r-disjoint and D-bounded families
U0α, ...,U
m
α such that
⋃m
i=0 U
i
α covers Xα\
⋃
(
⋃−1
i=−k U
i
α). So
⋃m
i=−k U
i
α covers Xα.
Since coasdim Yr ≤ fin+ k, there exist 5R-disjoint, uniformly bounded families V−k, ...,V−1 such that
asdim (Yr\
⋃
(
−1⋃
i=−k
V i)) ≤ l for some l ∈ N.
Then there exist 5D-disjoint and uniformly bounded families V0,V1, ...,V l such that
⋃l
i=−k V
i covers Yr.
For i ∈ {−k, · · · ,−1, 0, 1, · · · ,m}, let U˜ iα to be the restriction of U
i
α to Xα\Yr and let U
i =
⋃
α U˜
i
α.
For i ∈ {−k, · · · ,−1}, letW i = V i∪nU i. Since U˜ iα is n-disjoint and d(Xα\Yr, Xα′\Yr) ≥ r > n whenever
α 6= α′, U i is n-disjoint and R-bounded. Since V−1,V−2, ...,V−k are 5R-disjoint and uniformly bounded, W i
is n-disjoint and uniformly bounded by Lemma 3.1.
For i ∈ {0, 1, · · · ,m}, since U˜ iα is r-disjoint and d(Xα\Yr, Xα′\Yr) ≥ r whenever α 6= α
′, U i is r-disjoint
and D-bounded.
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• If m ≤ l, let W i = V i ∪r U i for i ∈ {0, 1, · · · ,m} and W i = V i for i ∈ {m+1, · · · , l}. Then by Lemma
3.1, W i is r-disjoint and uniformly bounded and
⋃l
i=−kW
i covers X , which means coasdim(X) ≤
fin+ k.
• If m > l, let W i = V i ∪r U i for i ∈ {0, 1, · · · , l} and W i = U i for i ∈ {l + 1, · · · ,m}. Similarly, W i is
r-disjoint and uniformly bounded and
⋃m
i=−kW
i covers X , which implies coasdim(X) ≤ fin+ k.
Corollary 3.2. Let X be a metric space with X1, X2 ⊆ X. If coasdimXi ≤ fin + k for some k ∈ N and
i = 1, 2, then coasdim(X1 ∪X2) ≤ fin+ k.
Proof. Apply Theorem 3.3 to the family {X1, X2} with X2 = Yr for every r > 0.
Lemma 3.2. (Hurewicz Theorem in [2]) Let f : X → Y be a Lipschitz map from a geodesic metric space
X to a metric space Y . Suppose that for every R > 0 the family {f−1(BR(y))}y∈Y satisfies the inequality
asdim ≤ m uniformly, then asdim X ≤ asdim Y +m.
Theorem 3.4. Let f : X → Y be a 1-Lipschitz map from a geodesic metric space X to a metric space Y .
Suppose that for every R > 0, the family {f−1(BR(y))}y∈Y satisfies the inequality asdim ≤ m uniformly and
coasdim(Y ) ≤ fin+ k, then coasdim(X) ≤ fin+ k(m+ 1).
Proof. Since coasdim(Y ) ≤ fin+ k, for every n > 0, there exist R = R(n) > 0, l = l(n) ∈ N, n-disjoint and
R-bounded families U1, ...,Uk such that
asdim(Y \ (
⋃
(
k⋃
i=1
Ui))) ≤ l.
For i = 1, 2, · · · , k, since diam U ≤ R for every U ∈ Ui, there is a y ∈ Y such that U ⊆ BR(y). By
the condition, the family {f−1(BR(y))}y∈Y satisfies the inequality asdim ≤ m uniformly. So the family
{f−1(U)}U∈Ui satisfies the inequality asdim ≤ m uniformly. i.e., there exists S > 0 for ∀i ∈ {1, ..., k} such
that for every U ∈ Ui, there are n-disjoint and S-bounded families W0i (U),W
1
i (U), · · · ,W
m
i (U) of subsets
of f−1(U) such that
m⋃
j=0
Wji (U) covers f
−1(U).
Let f−1(Ui) = {f−1(U)|U ∈ Ui}. Since f : X → Y is a 1-Lipschitz map, f−1(Ui) is n-disjoint. For
j = 0, 1, 2, · · · ,m, let Wji =
⋃
U∈Ui
Wji (U). Since f
−1(Ui) is n-disjoint, W
j
i is n-disjoint. And
m⋃
j=0
Wji covers
⋃
U∈Ui
f−1(U).
Hence there are n-disjoint and S-bounded families {Wji }i=1,2,··· ,k,j=0,1,··· ,m such that
⋃
i=1,2,··· ,k,j=0,1,··· ,m
Wji covers
⋃
(
k⋃
i=1
f−1(Ui)).
Since asdim(Y \ (
⋃
(
⋃k
i=1 Ui))) ≤ l, we have asdim(f
−1(Y \ (
⋃
(
⋃k
i=1 Ui)))) ≤ l by Lemma 3.2. Then
asdim(X \
⋃
1≤i≤k,0≤j≤m
Wji ) ≤ asdim (f
−1(Y \ (
⋃
(
k⋃
i=1
Ui)))) ≤ l.
Therefore, coasdim(X) ≤ fin+ k(m+ 1).
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4 Cofinite asymptotic dimension is not stable under direct prod-
uct
Several authors have studied the so-called product permanence properties. For example, asymptotic
property C is one of them[17]. But unlike asymptotic property C, cofinite asymptotic dimension is not
stable under product.
Let (X, dX) and (Y, dY ) be metric spaces. We can define a metric on the product X × Y by
dX×Y ((x, y), (x
′, y′)) = max{dX(x, x
′), dY (y, y
′)}.
Proposition 4.1. Let X =
⋃∞
i=1(2
i
Z)i be the metric space in Example 3.1, coasdim(X ×X) < fin+ fin
is not true.
Proof. Suppose that coasdim(X ×X) < fin+ fin, then there exists n ∈ N, such that coasdim(X ×X) ≤
fin + n. For every k > 2n+1, there exist R > 0, m ∈ Z+ and k-disjoint R-bounded families U−n, ...,U−1
such that asdim(X ×X \
⋃
(
⋃−1
i=−n Ui)) = m− 1. By Corollary 2.1, for every x ∈ (2
m
Z)m,
({x} × ([−2nR, 2nR]
⋂
2nZ)n) \
⋃
(
−1⋃
i=−n
Ui) 6= ∅.
i.e. ∃(x,∆(x)) ∈ ({x} × ([−2nR, 2nR]
⋂
2nZ)n) \
⋃
(
⋃−1
i=−n Ui). Define a map
δ : (2mZ)m → (2mZ)m × ([−2nR, 2nR]
⋂
2nZ)n \
⋃
(
−1⋃
i=−n
Ui) by δ(x) = (x,∆(x)).
Since d(x, y) ≤ d(δ(x), δ(y)) ≤ d(x, y) + 2n+1R for every x, y ∈ (2mZ)m, δ is a coarse embedding.
Therefore,
m = asdim(2mZ)m) ≤ asdim(2mZ)m × ([−2nR, 2nR]
⋂
2nZ)n \
⋃
(
−1⋃
i=−n
Ui))
≤ asdim(X ×X \
⋃
(
−1⋃
i=−n
Ui)) = m− 1
which is a contradiction.
However the transfinite asymptotic dimension of X ×X is not too big. In fact trasdim(X ×X) = ω. In
order to prove this result, we need some technical lemmas. The first one is motivated by [15].
Lemma 4.1. For every m,n, k ∈ N, R > 0, there are k-disjoint uniformly bounded family U0 and R-disjoint
uniformly bounded families U1, ...,Um2m such that
⋃m2m
i=0 Ui covers Z
m × (kZ)n.
Proof. Let
V0 = {[(2j − 1)R, 2jR) : j ∈ Z} and V1 = {[2jR, (2j + 1)R) : j ∈ Z}.
For l = 1, ..., n2n, let S = R+ k and
Cl = {[(2
nn(j − 1) + l)S −R, (2nnj + l)S −R− k) : j ∈ Z}
Dl = {[(2
nnj + l)S −R− k, (2nnj + l)S −R) : j ∈ Z}
Wl = {
n∏
i=1
Vi : Vi ∈ Vφ(l)i , i ∈ {1, ..., n}}
in which φ is a bijection from {1, ..., 2n} to {0, 1}n.
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Let
U0 = {
m∏
i=1
Ci ×W : (
m∏
i=1
Ci,W ) ∈
2n⋃
l=1
(Cml ×Wl)}
U2m(s−1)+t = {
s−1∏
i=1
Vi ×Ds ×
m∏
i=s+1
Vi ×W : (Ds,W ) ∈
2n⋃
l=1
(Dl ×Wl),
Vi ∈ Vρ(t)i , i ∈ {1, ..., s− 1, s+ 1, ...,m}}
where ρ is a bijection from {1, ..., 2m} to {0, 1}m and s ∈ {1, ...,m}, t ∈ {1, ..., 2m}.
Each Cl is k-disjoint and the family {Zm ×W : W ∈
⋃2n
l=1Wl} is k-disjoint since
⋃2n
l=1Wl is disjoint.
Thus U0 is k-disjoint and uniformly bounded.
The families V0,V1,
⋃2n
l=1Dl and {Z
m×W :W ∈ Wl} are R-disjoint. Thus Uj is R-disjoint and uniformly
bounded for j = 1, 2, · · · ,m2m.
We will prove that
⋃m2m
i=0 Ui cover Z
m × (kZ)n.
Indeed, let (xi)
m+n
i=1 ∈ (Z
m× (kZ)n) \
⋃
U0, there exist l ∈ {1, ..., 2n} and W ∈ Wl such that (xi)
m+n
i=m+1 ∈
W . Since (xi) /∈
⋃
U0, we have (xi)mi=1 /∈
⋃
{
∏m
i=1 Ci;Ci ∈ Cl}. Then ∃ s ∈ {1, ...,m} such that xs /∈
⋃
Cl.
Since
⋃
(Cl
⋃
Dl) = Z, there exists Ds ∈ Dl such that xs ∈ Ds. Since
⋃
(V0
⋃
V1) = Z, we may take
t ∈ {1, ..., 2m} such that (xi)mi=1 ∈
∏m
i=1 Vi for some Vi ∈ Vφ(t)i , i ∈ {1, 2, ...,m}. Then we have
(xi)
m+n
i=1 ∈
s−1∏
i=1
Vi ×Ds ×
m∏
i=s+1
Vi ×W ∈ U2m(s−1)+t
Lemma 4.2. ([2]) Let A and B be subsets of a metric space X , then asdim A
⋃
B ≤ max{asdimA, asdimB}.
Lemma 4.3. ([3]) Let X and Y be metric spaces, then asdim X × Y ≤ asdimX + asdimY .
Proposition 4.2. Let X =
⋃∞
i=1(2
i
Z)i be the metric space in Example 3.1, then trasdim(X ×X) = ω.
Proof. By Proposition 2.1, it suffices for us to show for every k ∈ N, there exists m = m(k) ∈ N, such
that for every n ∈ N, there are uniformly bounded families V0,V1, ...,Vm satisfying V0 is k-disjoint, Vi is
n-disjoint for i = 1, 2, · · ·m and
⋃m
i=0 Vi covers X × X . Moreover, m → ∞ as k → ∞. Let X × X =
Y1
⊔
Y2
⊔
Y3
⊔
Y4
⊔
Y5
⊔
Y6 where
Y1 =
∞⋃
i=k+1
(2iZ)i ×
∞⋃
i=k+1
(2iZ)i, Y2 =
k⋃
i=1
(2iZ)i ×
k⋃
i=1
(2iZ)i, Y3 =
k⋃
i=1
(2iZ)i ×
∞⋃
i=n+1
(2iZ)i,
Y4 =
∞⋃
i=n+1
(2iZ)i ×
k⋃
i=1
(2iZ)i, Y5 =
k⋃
i=1
(2iZ)i ×
n⋃
i=k+1
(2iZ)iY6 =
n⋃
i=k+1
(2iZ)i ×
k⋃
i=1
(2iZ)i.
Let U10 = {{(x, y)} : x, y ∈
⋃∞
i=k+1(2
i
Z)i}, then U10 is a k-disjoint uniformly bounded family which covers
Y1.
Let X1 =
⋃k
i=1(2
i
Z)i, since asdim(2iZ)i = i for each i ∈ N, asdimX1 = k by Lemma 4.2. Then we
obtain that asdimY2 =asdim(X1 ×X1) ≤ 2k by Lemma 4.3. Therefore, there exist n-disjoint and uniformly
bounded families U20 , ...,U
2
2k such that
⋃2k
i=0 U
2
i cover Y2.
Since asdimX1 = k, there exist n-disjoint and uniformly bounded families U0, ...,Uk such that
⋃k
i=0 Ui
cover X1. Let U3i = {U × {x} : U ∈ Ui, x ∈
⋃∞
i=n+1(2
i
Z)i} for i = 0, ..., k, then U3i is n-disjoint uniformly
bounded and
⋃k
i=0 U
3
i covers Y3 = X1 ×
⋃∞
i=n+1(2
i
Z)i.
Let U4i = {{x} × U : U ∈ Ui, x ∈
⋃∞
i=n+1(2
i
Z)i} for i = 0, ..., k, then U4i is n-disjoint uniformly bounded
and
⋃k
i=0 U
4
i covers Y4 = (
⋃∞
i=n+1(2
i
Z)i)×X1.
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There is an isometric map ϕ : X1 → (Zk+1, dmax) defined by
∀x = (x1, x2, · · · , xi) ∈ (2
i
Z)i, ϕ(x) = (x1, x2, · · · , xi, 0, · · · , 0,
i(i− 1)
2
) ∈ Zk+1.
and an isometric map φ :
⋃n
i=k+1(2
i
Z)i → ((2kZ)n × Z, dmax) defined by
∀x = (x1, x2, · · · , xi) ∈ (2
i
Z)i, ϕ(x) = (x1, x2, · · · , xi, 0, · · · , 0,
i(i− 1)
2
).
So Y3 can be isometric embedded into Z
k+2×(2kZ)n. By Lemma 4.1, there are k-disjoint uniformly bounded
family V0 and n-disjoint uniformly bounded families Vj for j = 1, ..., 2k+2(k + 2) such that
⋃2k+1(k+1)
j=0 Vj
covers Zk+2× (2kZ)n. Therefore, there are k-disjoint uniformly bounded family U50 and n-disjoint uniformly
bounded families U5j for j = 1, ..., 2
k+2(k + 2) such that
⋃2k+2(k+2))
j=0 U
5
j cover Y5.
By the similar argument, there are k-disjoint uniformly bounded family U60 and n-disjoint uniformly
bounded families U6j for j = 1, ..., 2
k+2(k + 2) such that
⋃2k+2(k+2)
j=0 U
6
j cover Y6.
Since Y1, Y5, Y6 are k-disjoint, we obtain k-disjoint uniformly bounded family U0 = U10
⋃
U50
⋃
U60 and
n-disjoint uniformly bounded families
U2j (j = 0, ..., 2k),U
3
j (j = 0, ..., k),U
4
j (j = 0, ..., k),U
5
j (j = 1, ..., 2
k+2(k + 2)),U6j (j = 1, ..., 2
k+2(k + 2))
s.t. (
⋃
i,j U
i
j)
⋃
U0 covers X ×X .
Remark 4.3. Theorem 2 in [11] and Proposition 4.2 show that the space X satisfies trasdim(X) = ω and
trasdim(X ×X) = ω. In fact, T. Yamauchi also gives us another space
∏∞
i=1 iZ with the same property. By
the same argument in [15], we know trasdim(
∏∞
i=1 iZ) = ω and the space Z× Z× 2Z× 2Z× 3Z× 3Z× ...,
with the same metric as
∏∞
i=1 iZ, has trasdim(Z×Z×2Z×2Z×3Z×3Z× ...) = ω. Since there is a isometric
’shift’ bijection
θ : Z× 2Z× 3Z× ...× Z× 2Z× 3Z× ...→ Z× Z× 2Z× 2Z× 3Z× 3Z× ...
defined by θ((xi)× (yi)) = (x1, y1, x2, y2, ...), so trasdim(
∏∞
i=1 iZ×
∏∞
i=1 iZ) = ω.
5 Transfinite asymptotic dimensions and shift union
In the present section we use the technique in [15] to give a metric space X with its transfinite asymptotic
dimension ≤ ω + 1 and we will give a negative answer to the Question 7.1 raised in [17].
Let d1 be the metric on (
⊕
i∈Z Z)× Z defined as following:
∀ x = ((xi)i∈Z, a), y = ((yi)i∈Z, b) ∈ (
⊕
i∈Z
Z)× Z, d1(x, y) =
∑
i∈Z
|xi − yi|+ |b − a|.
Let
Xj = {((xi)i∈Z, j) ∈ (
⊕
i∈Z
Z)× Z |
if i < j, then xi = 0;
if i ≥ j, then xi ∈ (i − j + 1)Z
}
and sh
⋃⊕∞
i=1 iZ =
⋃
j∈ZXj ⊆ ((
⊕
i∈Z Z)×Z, d1). We call the metric space sh
⋃⊕∞
i=1 iZ the shift union of⊕∞
i=1 iZ.
Proposition 5.1. Let X be the shift union sh
⋃⊕∞
i=1 iZ, then trasdimX ≤ ω + 1.
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Proof. By Proposition 2.1, it suffices to show that for every k ∈ N, there exists p = p(k) ∈ N, such that
for every m ∈ N, there are uniformly bounded families U0,U1, ...,Up satisfying U0,U1 are k-disjoint, Ui is
m-disjoint for i = 2, · · · , p and
⋃p
i=0 Ui covers X .
Let Yn =
⋃2nk+2k−1
i=2nk Xi, then X =
⋃
n∈Z Yn. It is easy to see that
Yn ⊆ Zn , {((xi)i∈Z, a) |
a ∈ [2nk, 2nk + 2k − 1] ∩ Z;
xi = 0 if i < 2nk;
xi ∈ Z if i ∈ [2nk, 2nk + 2k − 1];
xi ∈
2nk+2k−1⋃
j=2nk
(i− j + 1)Z if i ≥ 2nk + 2k.
} ⊆ (
⊕
i∈Z
Z)× Z.
Note that the family {Z2n| n ∈ Z} is k-disjoint.
Indeed, for every n1, n2 ∈ Z and n1 < n2, ∀ x = ((xi)i∈Z, a) ∈ Z2n1 , y = ((yi)i∈Z, b) ∈ Z2n2 , then
a ∈ [4n1k, 4n1k + 2k − 1] and b ∈ [4n2k, 4n2k + 2k − 1]. It follows that
d(x, y) ≥ d(a, b) = 4n2k − 4n1k − 2k + 1 ≥ 4k − 2k + 1 > k.
Similarly, we obtain that the family {Z2n+1| n ∈ Z} is k-disjoint.
Let
V0 = {[(2n− 1)m, 2nm) : n ∈ Z} and V1 = {[2nm, (2n+ 1)m) : n ∈ Z},
then V0,V1 are m-disjoint and V0 ∪ V1 covers Z.
Let S = k +m, for l = 1, ..., 2m, let
Cl = {[(2
m(n− 1) + l)2S −m, (2mn+ l)2S −m− k) : n ∈ Z},
Dl = {[(2
mn+ l)2S −m− k, (2mn+ l)2S −m) : n ∈ Z},
and
Wl = {
m∏
i=1
Vi | Vi ∈ Vφ(l)i , i ∈ {1, ...,m}}
where φ is a bijection from {1, ..., 2m} to {0, 1}m.
Note that Cl is k-disjoint, Dl is m-disjoint and Dl ∪ Cl covers Z. Moreover,
⋃2m
l=1Dl is m-disjoint.
Let
Un0 = {(
⊕
i≤2nk−1
{0} ×
2nk+3k−1∏
i=2nk
Ci ×W × {n˜}, [2nk, 2nk+ 2k − 1] ∩ Z) |
2nk+3k−1∏
i=2nk
Ci ×W ∈
2m⋃
l=1
(C3kl ×Wl), n˜ ∈
2k−1⋃
j=0
∞⊕
i=k+m+2+j
(iZ).},
Un23k(s−1)+t = {(
⊕
i≤2nk−1
{0} ×
2nk+s−1∏
i=2nk
Vi ×Ds ×
2nk+3k−1∏
i=2nk+s+1
Vi ×W × {n˜}, [2nk, 2nk+ 2k − 1] ∩ Z) |
Vi+2nk−1 ∈ Vρ(t)i , i ∈ {1, ..., s− 1, s+ 1, ..., 3k}, (Ds,W ) ∈
2m⋃
l=1
(Dl ×Wl), n˜ ∈
2k−1⋃
j=0
∞⊕
i=k+m+2+j
(iZ).}
where ρ is a bijection from {1, ..., 23k} to {0, 1}3k, s ∈ {1, 2, ..., 3k} and t ∈ {1, 2, 3, ..., 23k}.
Note that each Cl is k-disjoint and the family {
∏
i≤2nk−1{0} × Z
3k × W ×
∏
i≥2nk+3k+m{ni} | W ∈⋃2m
l=1Wl} is k-disjoint since
⋃2m
l=1Wl is disjoint. Thus U
n
0 is k-disjoint and uniformly bounded.
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The families V0,V1,
⋃2m
l=1Dl and
{
∏
i≤2nk−1
{0} × Z3k ×W ×
∏
i≥2nk+3k+m
{ni} | W ∈ Wl}
are m-disjoint. Thus Unj is m-disjoint and uniformly bounded for j = 1, 2, · · · , (3k)2
3k.
Let U0 ,
⋃
n∈Z U
2n
0 and U1 ,
⋃
n∈Z U
2n+1
0 . Since {Z2n| n ∈ Z} and {Z2n+1| n ∈ Z} are k-disjoint, U0
and U1 are k-disjoint. For i = 1, 2, · · · , (3k)23k, let U2i =
⋃
n∈Z U
2n
i and U2i+1 =
⋃
n∈Z U
2n+1
i . Now we will
show that Ui is m-disjoint for i = 2, 3, · · · , (6k)23k + 1.
Indeed, for every U, V ∈
⋃
n∈Z U
2n
i and U 6= V ,
• if U, V ∈ U2ni for some n ∈ Z, then d(U, V ) ≥ m.
• if there exist n1, n2 ∈ Z and n1 6= n2 such that U ∈ U
2n1
i and V ∈ U
2n2
i .
Assume that n1 < n2, for every x = ((xi)i∈Z, a) ∈ U ∈ U
2n1
i , y = ((yi)i∈Z, b) ∈ V ∈ U
2n2
i , there exists
s ∈ [4n1k, 4n1k + 3k − 1], xs ∈ Ds ∈ Dl for some l ∈ {1, 2, · · · , 2m}. Since s ≤ 4n1k + 3k − 1 <
4n2k, ys = 0. It is not difficult to see that for every l ∈ {1, ..., 2m}, [−m,m] ⊆
⋃
Cl. Therefore,
[−m,m] ∩Ds = ∅. It follows that d(x, y) ≥ |xs − ys| = |xs| > m. So d(U, V ) ≥ m.
Therefore, for i = 1, 2, · · · , (3k)23k, U2i =
⋃
n∈Z U
2n
i is m-disjoint. Similarly, we can also prove that U2i+1 =⋃
n∈Z U
2n+1
i is m-disjoint for i = 1, 2, · · · , (3k)2
3k.
We will prove that for every n ∈ Z,
⋃(3k)23k
i=0 U
n
i cover Zn.
Indeed, let x = ((xi)i∈Z, a) ∈ Zn \
⋃
Un0 , then there exists l ∈ {1, ..., 2
m} and W ∈ Wl such that
(xi)
2nk+3k+m−1
i=2nk+3k ∈ W . Since x /∈
⋃
U0, we have (xi)
2nk+3k−1
i=2nk /∈
⋃
{
∏2nk+3k−1
i=2nk Ci | Ci ∈ Cl}. Then there
exists s ∈ {1, 2, ..., 3k} such that xs+2nk−1 /∈
⋃
Cl. Because
⋃
(Cl
⋃
Dl) = Z, there exists Ds ∈ Dl such that
xs+2nk−1 ∈ Ds. Since
⋃
(V0
⋃
V1) = Z, we may take t ∈ {1, ..., 23k} such that (xi)
2nk+3k−1
i=2nk ∈
∏2nk+3k−1
i=2nk Vi,
where Vi+2nk−1 ∈ Vρ(t)i , i ∈ {1, 2, ..., 3k}. So x ∈ U
n
23k(s−1)+t.
Since
⋃(3k)23k
i=0 U
n
i covers Zn and Yn ⊆ Zn,
⋃
n∈Z
⋃(3k)23k
i=0 U
n
i covers X =
⋃
n∈Z Yn. Therefore,
⋃(6k)23k
i=0 Ui
covers X .
Question: For X = ...× 3Z× 2Z×Z× 2Z× 3Z× ..., whether trasdim(sh
⋃
X) = ω? Or whether sh
⋃
X
has asymptotic property C?
Finally, we will give a negative answer to the Question 7.1 raised in [17].
Question[17]: Let f : X → Y be a uniformly expansive map between metric spaces. Assume that Y
has asymptotic property C and f−1(A) has asymptotic property C for every bounded subset A ⊆ Y . Does
X have to have asymptotic property C?
Example 5.3. For every k ∈ Z+, let
Xk = {(xi)
∞
i=1 ∈
∞⊕
i=1
Z | xi = 0 for every i > k}.
Let X be a subspace of ((
⊕∞
i=1 Z)× Z, d1) defined by
X = {((aki )
∞
i=1, k) ∈ (
∞⊕
i=1
Z)× Z| (aki )
∞
i=1 ∈ Xk, k ∈ Z
+}.
Define a map f : X → Z by
f(((aki )
∞
i=1, k)) = k, for every ((a
k
i )
∞
i=1, k) ∈ X.
It is easy to see that f is uniformly expansive and Z has asymptotic dimension 1. For any bounded subset
A ⊆ Z, there exists n ∈ Z such that A ⊂ [1, n]
⋂
Z, so we have f−1(A) ⊂ Xn × [1, n], which has asymptotic
dimension no more than n and hence has asymptotic property C. Since Zm ∼= (Xm,m) ⊂ X for everym ∈ Z,
14
X does not have asymptotic property C.
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